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Preface

and another result of Fatou shows that the finite Blaschke products are the only
analytic functions on ]I)) that do this. Whether as rational functions whose defining
polynomials enjoy certain symmetries, as n-to-1 analytic functions on ][)), or as
analytic functions with unimodular boundary values, the finite Blaschke products
distinguish themselves as special elements of the Schur class.
The approximation of a given analytic function by well-understood functions
from a fixed class is a standard technique in complex analysis. For example, there
are the well-known approximation theorems of Runge, Mergelyan, and Weierstrass.
We examine a few results of this type that involve finite Blaschke products. More
specifically, a celebrated theorem of Caratheodory ensures that any function in the
Schur class Y can be approximated, uniformly on compact subsets of][)), by a
sequence of finite Blaschke products. In fact, one can even take the approximating
Blaschke products to have simple zeros. After Caratheodory's theorem, we discuss
Fisher's theorem, which says that any function in Y that extends continuously to][))
can be approximated uniformly on ][))- by convex combinations of finite Blaschke
products. As another example, a theorem of Helson and Sarason states that any
continuous function from 11' to 11' can be uniformly approximated by a sequence of
quotients of finite Blaschke products.
One might think there is not much to say about the zeros of a finite Blaschke
product. After all, the location of the zeros is part of the definition! However, there
are some beautiful gems here. The famed Gauss-Lucas theorem asserts that if P
is a polynomial, then the zeros of P', the derivative of P, are contained in the
convex hull of the zeros of P. There are theorems that say that the zeros of a finite
Blaschke product B are contained in the convex hull of the solutions to the equation
B(z) = 1 (or indeed the solutions to B(z) = ei 0 for any 0 E [O, 2rr)). Moreover,
the hyperbolic analogue of the Gauss-Lucas theorem says that the zeros of B' (the
critical points of B) are contained in the hyperbolic convex hull of the zeros of B.
For Blaschke products of low degree, these results are even more explicit and can
be stated in terms of classical geometry involving ellipses. There is also a result of
Heins which says that one can create a finite Blaschke product with any desired set
of critical points in ][)). Finally, for analytic functions on ][))-, one can state, in terms
of finite Blaschke products, a curious converse (the Challener-Rubel theorem) to
Rouche's theorem.
Interpolation is another important topic in complex analysis. The most basic
result in this direction is the Lagrange interpolation theorem, which guarantees
that for distinct z1, z2, ... , Z n and any w1, w2, ..• , Wn there is a polynomial P for
which P(Zj) = Wj for all j. The connection finite Blaschke products make with
interpolation comes from Pick's theorem: given distinct z1, z2, ... , Zn E ]I)) and any
w,, w2, ... , Wn E ][)), then there is an f E .5" for which f (Zj) = Wj for all j if and
only if the Pick matrix
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